Abstract -The limit n → ∞ of the classical O(n) φ 4 model on a 3d film with free surfaces is studied. Its exact solution involves a selfconsistent 1d Schrödinger equation, which is solved numerically for a partially discretized as well as for a fully discrete lattice model. Extremely precise results are obtained for the scaled Casimir force at all temperatures. Obtained via a single framework, they exhibit all relevant qualitative features of the thermodynamic Casimir force known from wetting experiments on 4 He and Monte Carlo simulations, including a pronounced minimum below the bulk critical point.
A celebrated example of fluctuation-induced forces is the Casimir force between two metallic, grounded plates in vacuum [1] . 1 Such forces caused by the confinement of quantum electrodynamics (QED) vacuum fluctuations of the electromagnetic fields are expected to have considerable technological relevance. This has made them the focus of much ongoing research activity. During the past two decades, it has become increasingly clear that a wealth of similarly interesting classical analogs of such effective forces, induced by thermal rather than quantum fluctuations, exist [3] .
2 Two important classes of such "thermodynamic Casimir forces" 3 are forces induced by fluctuations in nearly (multi)critical media between immersed macroscopic bodies or boundaries, and forces due to confined Goldstone modes [6] . Clear experimental evidence for the existence of such thermodynamic Casimir 1 For a review of the Casimir effect in QED and an extensive lists of references, see [2] 2 For reviews of the thermodynamic Casimir effect and extensive lists of references, see [4] 3 Following established conventions we use the term "thermodynamic Casimir forces" for forces induced by thermal fluctuations, in particular, also for near-critical Casimir forces, reserving the name critical Casimir forces to those where the medium is at a critical point. This topic must not be confused with those of thermal effects on QED Casimir forces and thermal Casimir-Polder forces, which are less universal since material properties of the media and confining objects matter; see, e.g., [5] forces was provided first indirectly by measurements of the thinning of 4 He wetting films at the λ-point as the temperature T is lowered below the bulk critical temperature T c [7] . Subsequently, direct measurements of the thermodynamic Casimir force on colloidal particles in binary liquids near the consolute point could be achieved [8] .
Despite obvious analogies, crucial qualitative differences between thermodynamic and QED Casimir forces exist. First, the latter usually can be studied in terms of effective free field theories in confined geometries where the interaction of the electromagnetic field with the material boundaries is taken into account through boundary conditions. By contrast, investigations of thermodynamic Casimir forces at (multi)critical points necessarily involve interacting field theories. Second, whereas electromagnetic fields average to zero in the ground state, the thermal averages φ(x) of fluctuating densities φ(x) (order parameters) associated with thermodynamic Casimir forces do not necessarily vanish. Nonzero profiles φ(x) can occur at all temperatures T when the symmetry φ → −φ is explicitly broken (as it generically is for fluids and binary fluid mixtures in contact with walls), and at low temperatures if this symmetry is spontaneously broken. When a nonzero profile exists, it will respond to a change of the separation between boundaries and hence cause an effective force even in the absence of fluctuations. 4 He films provide much better analogs than those in binary mixed fluids because neither a spontaneous breakdown of the U (1) symmetry is possible for finite thickness L of the film, nor an explicit breakdown of the symmetry through the boundary planes.
It is therefore very unfortunate that no viable theory other than sophisticated Monte Carlo simulations of lattice XY models [9] [10] [11] has emerged which is capable to yield, within a single framework, all experimentally observed [7] relevant qualitative features of the reduced Casimir force βF C (T, L), where β = 1/k B T . For a d-dimensional film, the latter takes the scaling
1/ν on large length scales 4 , where t = T /T c − 1 while ν and ξ + are the critical exponent and t > 0 amplitude of the bulk correlation length, respectively. The observed features of the scaling function ϑ(x) are: (i) ϑ(x) < 0 for all x, (ii) a relatively small critical value ϑ(0), (iii) a smooth minimum at x min < 0, and (iv) a nonvanishing T → 0 limit ϑ(−∞). A theory based on renormalization-group (RG) improved Landau theory [12, 13] , though giving some insight, suffers from severe deficiencies: it erroneously predicts (d1) an ordered lowtemperature phase for d = 3 and L < ∞, (d2) a much to deep minimum of ϑ whose derivative has a (d3) jump discontinuity there, and (d4) a vanishing T → 0 limit ϑ(−∞).
In this Letter, we report exact results for the Casimir force of the O(n) φ 4 model on a film R 2 × [0, L] with free surfaces at z = 0 and z = L in the limit n → ∞. Its n = 2 analog describes 4 He fluid films near the λ-point. The model has, for general n ≥ 2, an ordered low-T bulk (L = ∞) phase. For finite L, long-range order is restricted to T = 0 since low-energy (spin wave) excitations destroy long-range order at any temperature T > 0. Further, the presence of confined Goldstone modes at T = 0 implies a nonzero T → 0 limit of the Casimir force. Owing to the breakdown of translation invariance along the z-direction perpendicular to the surfaces, the exact n → ∞ solution does not correspond to a mean spherical model with global constraint [14] , but involves a 1d Schrödinger equation with a selfconsistent potential V (z). The exact scaling function ϑ(x) for n = ∞ can be expressed in terms of the eigenvalues and eigenfunctions of this equation. Determining them by numerical means, we managed to get the extremely precise results displayed in Fig. 1 . Determined within a single theoretical framework, these exhibit all features (i)-(iv) mentioned above but none of the deficiencies (d1)-(d4).
Our best estimate for the Casimir amplitude is
4 Throughout this work, the symbol means "asymptotically equal" in the respective limit, e.g., The function ϑ(x) has a pronounced minimum ϑ min = −0.1268565841360(1) at x min = −4.55702477008(1). In the low-temperature limit x → −∞, it approaches the value −ζ(3)/8π = −0.0478283245 . . . [15] of a massless free theory with Neumann boundary conditions.
5 Using an appropriate low-T model -a nonlinear σ model on a film with Neumann boundary conditions [16] -we can show that the asymptotic behavior is of the form ϑ(x) − ϑ(−∞) c x −1 ln |x| [17] . Both the form of these logarithmic anomalies and the existence of a minimum at x min < 0 are intimately related to the breaking of translational invariance across the slab. To appreciate this, one should note the following. As may be gleaned from [18] and will be shown below, the exact n → ∞ solution reduces to a constrained Gaussian model with an effective φ 2 /2 term whose interaction constant τ − V (z) involves a selfconsistent potential V (z). According to [18] , the t = 0 analog of V (z) for the semi-infinite case L = ∞ is given by −1/4z 2 [18] . This algebraic behavior carries over to the near-boundary behavior of V (z) for t < 0 on scales small compared to both the Josephson coherence length ∝ |t| −ν and L [17] . By contrast, the counterpart of V (z) for periodic boundary conditions is independent of z, an enormous simplification which en-ables one to determine the corresponding scaling function ϑ pbc (x) in closed analytical form [19] . It decreases quickly and monotonically from zero to its Goldstone value ϑ pbc (−∞) = −ζ(3)/π, has no minimum at finite x < 0, and approaches the x → −∞ limit ∼ |x| e −|x| . We next turn to an outline of the essentials of our calculations. The model is described by the Hamiltonian
with d = 3, where φ = (φ α ) is an n-component field and y ∈ R d−1 denotes the lateral coordinates. The boundary terms entail the boundary conditions (∂ z −c 1 )φ| z=0 and (∂ z +c 2 )φ| z=L .
The n → ∞ limit can be derived by standard means. Upon making a Hubbard-Stratonovich transformation, the partition function Z = D[φ] e −H can be written as
where the Laplacian ∇ 2 is subject to the above-mentioned boundary conditions. In the limit n → ∞, the ψ-integral can be evaluated by saddle-point integration. Writing the saddle point as iψ 0 (z) = V (z) −τ , the reduced free energy per area
where f (0) L is a trivial background term which does not matter henceforth.
The stationarity condition δf L /δV (z) = 0 yields
where ν and ϕ ν (z) = z|ν are the eigensolutions of
The p-integrals on the right-hand sides of Eqs. (4) and (5) are ultraviolet (UV) divergent at d = 3. To make the model (2) well defined and suitable for numerical calculations, we must regularize these divergences. We study two distinct regularized versions of model (2) . In the first (A), only the z-coordinate is discretized, and the p-integrals are regularized dimensionally. In the second (B), a fully discrete lattice model is investigated.
Model A -The system consists of L layers located at z = 1, · · · , L, where we replace the operator ∂ 2 z in Eq. (6) by its discrete analog, the L×L matrix D 2 = (−2δ z,z + δ |z−z |,1 ). Rather than including analogs of the boundary terms ∝c j , we impose the Dirichlet boundary conditions φ| z=0 = φ| z=L+1 = 0. The thickness change L → L + 1 is accounted for in the numerical analysis by introducing an effective thickness L eff (see below). The Hamiltonian of Eq. (6) becomes the matrix H = −D 2 + V with V = diag(V z ). 6 The dimensionally regularized p-integral in Eq. (5) 
To eliminate the UV singularities of the bulk free energy density f b = lim L→∞ f L /L we subtract from it its Taylor expansion to first order in τ . This gives an UV finite renormalized f b (τ, g) which at d = 3 becomes 
Solving Eq. (7a) numerically first for τ = 0, we compute f ex (0, g, L) to determine the surface free energy
To extract precise values from the data, knowledge about corrections to scaling is important. Clearly, the usual Wegner corrections governed by the n → ∞ exponent ω = 4−d must be expected. Further, deviations from asymptotic Dirichlet boundary conditions are known to be described by irrelevant surface scaling fields λ j ∝ 1/c j ("extrapolation lengths") that scale naively [21, 22] , so that their correction-to-scaling exponent is ω λ = 1. Noting the degeneracy ω = ω λ = 1 at d = 3, standard RG considerations can be used to show that leading corrections to scaling ∝ L −1 ln L along with those ∝ L −1 should occur for the effective amplitudẽ
As can be seen from the results for∆ C depicted in Fig. 2 , convergence is very poor when g is small, e.g., for g = 1. Relying on the results for∆ C (1, L 64), one could easily infer an incorrect value of −0.026(1) for ∆ C , more than twice as large as the correct asymptotic one∆ C (1, ∞) = −0.0108(1), see Fig. 2 . Convergence is far better for g 1, as the minimum in∆ C is at L min ≈ 80/g. Fast convergence and high precision can be achieved by solving Eqs. (7) with τ = 0 and g set to its fixed-point value 7 g * = ∞, where the corrections ∝ L −1 ln L vanish. To extend this g → ∞ analysis to τ = 0, we note that the critical exponent ν = 1 and absorb the amplitude ξ + (g) = g/24π of the bulk correlation length ξ
−ν for T > T c in the temperature variable, defining t = τ /ξ + (g) so that the scaling variable becomes x = tL. In this limit, Eqs. (7) reduce to
From Eqs. (8) we calculate the Casimir force βF C (t,
. To achieve the excellent data collapse shown in Fig. 1 , it turns out to be sufficient to write ϑ(x) L 3 eff βF C (t, L), introducing an effective thickness L eff = L + δL, as proposed in [24] and substantiated by field theory [21] .
Inspection of Eq. (8a) reveals that the scaled lowest eigenvalue 0 L 2 is positive for all x and vanishes ∼ |x|e as x → −∞. That is, for finite L < ∞, the system remains paramagnetic whenever T > 0, due to the nonperturbative generation of a mass. Furthermore, the remaining eigenvalues ν>0 approach the Neumann values.
The numerical calculations are performed with 33 digits precision. This yields about 30 significant digits in f ex . For the effective thickness the form (4) and (6) is replaced by its discrete analog D 2 . Owing to the discreteness of the lattice, the momentum integrations are restricted to |p i | ≤ π. Further, to account for the modified dispersion relation, 4
Thus the pintegral of each series coefficient of the spectral sum ν in Eq. (5) becomes an analytically computable ν -dependent two-dimensional Watson integral. Its three-dimensional bulk analog can also be determined analytically [25] , along with their antiderivatives one encounters in the analogous momentum integrals of the right-hand side of Eq. (4).
For model B no fixed-point value g * > 0 exists to which g could be set to eliminate leading scaling corrections [23] . Thus, scaling corrections ∝ L −1 ln L remain for any value of g. However, the amplitudes of these corrections become minimal in the limit g → ∞.
We use
with m = 3 to analyse f ex (0, L), which we computed for various thicknesses up to L = 4096. We reproduce the value (1) for the Casimir amplitude to 13 significant digits -a striking confirmation of universality. Furthermore, we get a 0 = −0.123903101(1) and δL = 0.81422072(1). Analyzing our data also at the minimum of the thermodynamic Casimir force, we obtain results for x min and ϑ min that are fully consistent with those obtained from model A. The value of a 0 is consistent with the one obtained above from the analysis of f ex (0, L). However, we get δL = 1.1979(1) and δL = 0.8924(1) from the location and the value of the minimum of the thermodynamic Casimir force, respectively. The plot of ϑ in Fig. 1 uses L eff = L − 0.1239031 ln L + 1, which results in a good data collapse. However, we should keep in mind that this way p-4 Exact thermodynamic Casimir forces corrections ∝ L −1 cannot be eliminated completely for the whole range of the scaling argument x.
Finally, let us comment on the stability of our results with respect to a change of boundary conditions, as investigated recently in [28] . For both models A and B, the nearest-neighbor (NN) bonds βJ j in the two boundary layers j = 1 and j = L were chosen to agree with the NN bonds βJ in all other layers. Allowing for boundary couplings 8 J 1 and J L = J, one can change the corresponding diagonal elements of D 2 . However, this change is compensated by a corresponding change of the potential V. As expected for d = 3, the selfconsistent solutions remain asymptotically the same.
In summary, considering the O(n) vector model on a slab with free boundary conditions, we expressed its universal scaling function for the Casimir force in the limit n → ∞ exactly in terms of the eigensystem of the resulting selfconsistent 1d Schrödinger equation, which we then solved by numerical means using two qualitatively distinct regularization methods. We obtained consistent results that agree to many digits. They exhibit all qualitative features (i)-(iv) one expects to hold for general n ≥ 2, in particular, nontrivial crossovers from three-dimensional critical to two-dimensional pseudo-critical behavior and to the low-temperature behavior dictated by confined Goldstone modes. 9 Besides being interesting in their own right, these results could pave the way to successful approximate analytical treatments of such challenging problems. We expect them to play a role as fruitful as large-n solutions have done in the theory of quantum critical phenomena [29] . Furthermore, our analysis can be extended in a straightforward fashion to include bulk and surface magnetic fields and to study appropriate quantum versions of the model. Some of us (DG, AH, FMS) like to thank Denis Comtesse for fruitful discussions. We gratefully acknowledge partial support by DFG for two of us (HWD and FMS) via grant DI 378/5 and for one of us (MH) via grant HA 3150/2-2. SBR was partially supported by the Belarusian Foundation for Fundamental Research.
